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In reviewing the data that has accumulated in light nuclei we find that the binding energy plays
a critical role in describing the variation in energy of s states relative to other states. The behavior
of states with zero angular momentum within a few MeV of threshold is qualitatively different from
that of neutron states with any other ` value or of any proton state. This observation is explored for
simple Woods-Saxon potentials and is remarkably successful in describing a wealth of experimental
data for nuclei with neutron numbers between 5 and 10. The lingering of neutron s states just below
threshold is associated with the increases in radii of the neutron density distributions, the neutron
halos, and leads to speculations about possible halos in heavier nuclei.
PACS numbers: 21.10.Dr, 21.10.Pc, 25.60.Je
A description for the evolution of nuclear excitations
with neutron excess, from tightly bound stable systems to
loosely bound exotic ones, is a major challenge to our un-
derstanding of nuclear structure. Startling modifications
to the spacing and sequence of single-particle excitations
are now experimentally well documented [1] and closed
shells with ‘magic numbers’ of nucleons, once thought
to apply to all nuclei, are now known to change when
moving away from stability.
In light stable nuclei the 0p-shell closes with eight nu-
cleons, accounting for the stability of 16O. The 0d5/2 and
1s1/2 orbitals are close in binding energy in the vicinity
of 16O, but their spacing increases substantially in lighter
nuclei, with the 5/2+ state moving more rapidly in exci-
tation energy than the 1/2+ state. The 1/2− state also
moves rapidly with respect to the 1/2+ state. This is
illustrated for a subset of the experimental information
(nuclei with seven neutrons) in Fig. 1. In the present
communication we focus on the behavior of the 1/2+ and
5/2+ single-neutron excitations.
We show, through an examination of the simple geo-
metrical effects of finite binding, that it is the qualita-
tively different behavior of neutron s states near thresh-
old which plays an important role in determining the se-
quence of levels in loosely bound light nuclei. To explore
the changing pattern of states, we examine the available
data where there is only one neutron in the 1s0d-shell,
spanning a range of neutron binding energies.
The behavior of s states near threshold has been com-
mented on before. Bohr and Mottelson [2] note “The
orbits with small angular momentum and small binding
energy spend an appreciable amount of time outside the
nucleus and thus benefit less from an increase in the size
of the potential than do the weakly bound orbits with large
`”. The effect of phase space near threshold was dis-
cussed by Wigner [3] in the context of its influence on
other open channels (Wigner cusps). The probability
for the occurrence of states near threshold was discussed
by Baz [4] and by Inglis [5] in the context of the first
narrow state occurring in 5He at 16.84 MeV, just above
the D+T threshold. In 1964, Barker [6] had mentioned
it in the context of the isospin-dependence of s states
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FIG. 1. (color online). The experimental data available on
the energy En, relative to the neutron threshold, of the 0p1/2,
1s1/2, and 0d5/2 states in N = 7 nuclei. The sources of the
data are given in the Appendix. Uncertainties are indicated
by shading.
in light nuclei. More recently, the behavior of s states
near threshold was discussed by Ozawa [7] in terms of
a possible shell gap at N = 16, and by Hamamoto and
Mottelson [8] in the context of various nuclear structure
properties e.g., changing shell structure, pairing, defor-
mation, and halos. Also related to the present work is a
study by Sagawa et al. [9] on the behavior of even-parity
states in N = 7 nuclei. They show that the curvature
of the 1/2+ state is evident in Hartree-Fock calculations,
however, the discussion in their paper is in terms of pair-
ing blocking and coupling to quadrupole core excitations.
None of these discussions make mention of how success-
fully finite binding effects provide an explanation for the
pattern of behavior observed in the data.
The intrusion of the 1s1/2 orbital into the 0p-shell was
already noted by Talmi and Unna [10] 50 years ago, who
interpreted it in terms of the residual effective interac-
tions between nucleons. In the sense that the resid-
ual interaction includes any modifications from the free
nucleon-nucleon interaction, it may indeed also approxi-
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2TABLE I. Parameters used for defining the Woods-Saxon
potential.
r0 (fm) a (fm) Vso (MeV)
1.17 0.50 2.35
1.25a 0.63 4.03
1.30 0.80 6.11
a Parameters in this row were used for the calculations in Fig. 2;
those in other rows to estimate uncertainties.
mate the effects of finite binding, albeit with some diffi-
culty because of the non-linearity of the effect.
The shell model has been remarkably successful in de-
scribing the behavior of stable and exotic nuclei in terms
of effective forces that mock up the residual NN interac-
tion. The explicit recognition of the tensor component of
the free np force and its monopole component has pro-
vided a successful explanation for many of the changes in
magic numbers in heavier nuclei [11]. However, based on
the accumulated data presented in this work, the mag-
nitude of the observed effect seems considerably larger
than can be accounted for by the tensor force.
To examine the behavior of single-nucleon states we
use a Woods-Saxon potential shape with reasonable ra-
dial parameters (see Table I). In Fig. 2 we plot the cal-
culated energy of the 0p1/2, 1s1/2, and 0d5/2 orbitals as
a function of ∆V , where ∆V ≡ V − V0 with V0 being
the potential strength needed to put the energy of a spe-
cific orbital at threshold. The behavior of the neutron
1/2+ state near zero binding is quite dramatic: the same
increment in the potential depth that increases the bind-
ing of the neutron 1/2− and 5/2+ states from 0 to 1 MeV
causes a change in the s state that is almost an order of
magnitude less. This influence of the threshold is by far
the most pronounced for the neutron s state—it plays a
much smaller role for ` > 0 neutrons or for protons. The
effect goes hand-in-hand with an increase in rms radius of
the neutron density distribution, in other words, diffuse
halo states [12] are by far the most prominent for ` = 0
neutrons. In Fig. 2, the large increase in rms radius for
neutron s states near threshold is evident, compared to
those for protons or neutrons with finite ` values.
The Woods-Saxon results suggest that this tendency
of neutron s states to linger just below threshold is a
general property for any neutral particle with zero angu-
lar momentum, though the authors are not aware of any
cases where this has been noted in other fields.
Since the work of Talmi and Unna [10] on the behav-
ior of the 1/2+ states in light nuclei, a great deal of
experimental information has been accumulated on this
single-particle excitation. The 5/2+ state is chosen in the
present work for comparison because the 0p shell is being
filled in most of these nuclei. Fortune [13] summarized
the available data on these two states in 1995 in the con-
text of the anomalous Coulomb displacement energy for
1/2+ states [14], which is also a reflection of the different
radii for s states. In recent work with the (d,p) reac-
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FIG. 2. (color online). The calculated energies in Woods-
Saxon potentials for of the 0p1/2, 1s1/2, and 0d5/2 single-
nucleon excitations, En, as a function of ∆V are shown in
panels (a) and (b) for neutrons and protons, respectively. ∆V
is the change in potential depth required to move the energy
of a state from En = 0. Panels (c) and (d) show the corre-
sponding rms radii as a function of binding energy.
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FIG. 3. (color online). The available experimental data, En,
on the 1/2+ (a) and 5/2+ (b) states for isotopes of He to O
with N = 5–10 as a function of Z. The sources of the data
are given in the Appendix.
tion that specifically identifies the single-neutron com-
ponent of the wave functions, and utilizing radioactive
beams, additional information was obtained for 9He [15],
14B [16], and 16C [17].
This information, together with what was previously
available provides data for 14 sets of single-particle ener-
gies and these are used in the present study. The data,
3together with the estimates of uncertainties, are given in
the Appendix, and are presented in Fig. 3. Further de-
tails are given in the Supplemental Material [18]. Data
for N = 11 and N = 13 nuclei, where the sd orbits are
occupied by more than one neutron and therefore not
directly comparable to the other data, are not included,
though their behavior is similar.
Immediately apparent from Fig. 3 is the major trend
in the neutron binding energy of these excitations and its
dependence on the proton number Z. The stronger de-
pendence of overall binding on proton number compared
to neutron number N is to be expected, as the monopole
part of the total np interaction is much stronger than the
nn part: the overall binding of the neutrons, the mean
field, is influenced much more by the number of protons.
The 5/2+ excitation energies range from being bound
by ∼4 MeV to unbound by ∼3.5 MeV [Fig. 3(b)]. The
1/2+ excitation also becomes unbound in 9He, 9Be, and
13Be [Fig. 3(a)]. (The energy for an unbound ` = 0 neu-
tron single-particle resonance is difficult to define pre-
cisely from the available data.)
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FIG. 4. (color online). The difference between the ex-
perimentally determined 1/2+ and 5/2+ states, ∆Eexp ≡
E
1/2+
n − E5/2
+
n , as a function of the energy of the 5/2
+ (a),
and the same difference calculated in a Woods-Saxon poten-
tial, ∆EWS (b). The dashed line is a smooth curve fit to the
Woods-Saxon calculations and is the same in the two plots.
To explore the degree to which geometric effects play
a role in the difference between the 1/2+ and 5/2+ ex-
citations, we calculate the single-particle energies in a
potential using a Woods-Saxon shape [19–21] with the
parameters in Table I. We constrained the spin-orbit po-
tential, with rso0 = 1.10 fm and aso = 0.50 fm, to fit the
levels of 17O and obtained Vso = 4.03 MeV (to the extent
that 16O is a closed shell there is no tensor force effect
here). The radius for each nucleus was taken as r0A
1/3,
and the central well depth was adjusted to fit the ex-
perimental 5/2+ energies. Then the 1/2+ energies were
obtained in the same potential. The results are shown in
Fig. 4. Where the 5/2+ excitation is unbound, the well
was adjusted to yield a resonance in the elastic scattering
at the appropriate energy in the continuum. A problem
arises in 9He and in 13Be where the 1/2+ excitation is not
bound in the potential. We therefore assumed, somewhat
arbitrarily, that the state is just above threshold, similar
to 9Be where the same assumption has been made histor-
ically, though with a quantitative justification that is not
entirely clear. (We should note that deformation effects
are not included, though they will play some role in the
Be nuclei, with the largest change being the lowering of
the 5/2+ state.)
To get a rough estimate of the uncertainty in the en-
ergies obtained from the Woods-Saxon calculations, they
were repeated with two other sets of radial parameters
shown in rows 1 and 3 of Table I. For the cases where the
1/2+ state was near threshold the calculated energy dif-
ference varied by as much ∼ 0.6 MeV (in the cases of 9He,
9Be, and 13Be) while it was much less for Sn & 1 MeV.
These variations were used to estimate the uncertainties
in the calculated values of ∆EWS shown in Fig. 4(b).
It is evident from a comparison of Fig. 4(a) and 4(b)
that much of the variation in ∆E arises from finite bind-
ing effects. This is the dominant mechanism determin-
ing the ordering of the 1s1/2 and 0d5/2 orbitals in these
nuclei. The similarity in the behavior of the calculated
0d5/2 and 0p1/2 orbits in Fig. 2(a) implies that a major
part of the intrusion of the 1/2+ state into the 0p shell
also arises from these finite binding effects. However, the
tensor force complicates the pattern somewhat because
of the large overlap between p-shell protons and the neu-
tron 0p1/2 orbital.
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FIG. 5. (color online). The difference between the ∆Eexp and
∆EWS values from Fig. 4 plotted as a function of Z.
In Fig. 5 we plot the difference between the actual
1/2+-5/2+ separations, ∆Eexp, and the Woods-Saxon
ones, ∆EWS, as a function of Z. While this difference is
small, with relatively large uncertainties, it is of the right
4order of magnitude compared to what might be expected
from the monopole component of the tensor force [11]
acting on the 0d5/2 excitation. Filling of the 0p3/2 shell
between Z = 2 and 6 seems to result in a downward
trend in Fig. 5 as expected from the tensor interaction,
while the addition of 0p1/2 protons between Z = 6 and 8
causes it to act in the opposite direction. For He and O
one expects no effect from the np tensor force, because
of the closed oscillator shells of protons in these nuclei.
While the spin-orbit strength was chosen to fit 17O, the
difference is almost zero for 9He, but the uncertainties
are large.
A closely related issue that has received considerable
attention is that the large radii for s states give rise to
the anomalous Coulomb-energy differences known as the
Thomas-Ehrman shift [14]. As mentioned above, For-
tune [13] surveyed the available data and carried out
a Woods-Saxon calculation [22] to predict the low-lying
mirror states of 11Be in 11N, much in the spirit of the
present work. Also related are some of the publications
of Barker [23] in this context and of Millener [24].
Oscillator shell-model calculations have, on the whole,
been enormously successful [25]. They are based on wave
functions in an infinitely deep potential, with empirical
effective interactions. These interactions are adjusted to
fit data, and to the extent that the data are in the vicinity
of threshold, they will reflect this. However, when there
is a simple physical assumption that is not a part of the
model, and is relevant to a prominent feature, it needs to
be noted. In the case of these light nuclei the effects of
finite binding have to be considered in describing a major
change in shell structure.
The behavior of s wave neutrons near threshold is the
same physics responsible for the halo phenomenon, in-
cluding neutron-pair halos such as in 11Li. This is im-
plicit in the discussions of Refs. [8, 12]. The tendency
for these s states to linger near threshold also suggests
that ground states with halos may occur over a relatively
larger region of nuclei than might be estimated otherwise.
Does a similar region occur near N = 50, where the 2s1/2
neutron state may dive into the shell gap below the 1d5/2
and 0g7/2 states in neutron-rich nuclei? This may occur
around 78Ni which is likely to become accessible to ex-
periments soon. Or might it even occur with the 3s1/2
state beyond N = 126 around 204Pt or 202Os?
The authors thank S. C. Pieper and A. Volya for their
help with the Woods-Saxon calculations, J. Millener, N.
Orr, and A. Macchiavelli for calling our attention to rel-
evant literature, and a number of other colleagues for
helpful discussions. This work was supported by the US
Department of Energy, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357.
Appendix
Information on the energy centroids for the 1/2+ and
5/2+ neutron excitations is given in Table II. The meth-
ods used to extract this information from the available
data are given where necessary. For the 1/2− excita-
tions, only the origins of the levels shown in Fig. 1 are
discussed. Further details on the 1/2+ and 5/2+ neutron
excitations are given in the Supplemental Material [18].
The neutron separation energies were all taken from
Ref. [46] with the exception of 9He, where it was taken
to be −0.18 MeV [15].
In the majority of cases the 1/2+, 5/2+, and 1/2− exci-
tations have been observed in transfer reactions and carry
essentially all the single-particle strength and thus those
states are taken as the centroid energy of the respective
excitation. Where several states carry the single-particle
strength, the (2J + 1)C2S-weighted average of the cor-
responding spin-multiplet was taken from the references
given in Table II.
In several of the nuclei used in this study the 1/2+,
5/2+, and 1/2− neutron excitations are unbound and re-
quire discussion because of possible ambiguities. In the
case of 9He, the 1/2+ strength has been attributed to a
low-lying resonance at En = 180±85 keV [15]. We some-
what arbitrarily take 0.18+0.50−0.18 MeV as the resonance en-
ergy. The 1/2− resonance is at 1.24(10) MeV and the
width is consistent with the Wigner limit [15]. The 1/2+
excitation in 9Be at 1.66 MeV [46] had been accepted
as the neutron single-particle state for some time. The
1/2+ excitation in 13Be is taken as the ground state and
has been attributed to a low-lying resonance at an en-
ergy of En ≈ 0.50 ± 0.50 MeV [30, 31]. The widths of
the unbound 5/2+ states 9He and 9,11,13Be are generally
consistent with the single-particle Wigner limit.
For two of the nuclei surveyed, the extraction of the
neutron excitations was not trivial. 16C has two neu-
trons in the sd shell, but by combining information with
the experimental data on 17,18O the residual interaction
between the two neutrons can be removed, and thus the
numbers are directly comparable with cases where there
was only a single neutron in this shell. These are the only
data included with N = 10. We make use of the fact that
the low-lying 3+ state in 16C must be of the sd config-
uration, while the 4+ must be d2. The 1/2+ energy was
determined from the 3+ state in 16C at 4.09 MeV [17, 39],
and a correction of 0.60 MeV was made using the 18O
(0d5/21s1/2)J=3 matrix element [40]. We estimate an un-
certainty of 200 keV. The 5/2+ energy was determined
from the 4+ state in 16C at 4.14 MeV [39], after a cor-
rection of −0.35 MeV to the centroid was made using
the 18O (0d5/2)
2
J=4 matrix element [40]. We estimate an
uncertainty of 200 keV.
The other non-trivial case is 14N, the only nucleus in-
cluded in which N = Z. We need the energies of the neu-
tron excitation with respect to the 13N (spin 1/2−) core,
which means the centroids from the 0− and 1− states for
the s1/2 excitation and that from the 2
− and 3− states
for the d5/2. In
14N these are split by isospin into T = 0
and T = 1 components. With good isospin, the configu-
rations are mixtures of the configuration where the even-
parity nucleon can be either a neutron or a proton. The
5TABLE II. Numerical quantities used in this study. All quantities are in MeV and only those with uncertainties that are
50 keV or greater are listed.
AZ Sn E
1/2+
x E
5/2+
x E
1/2+
n E
5/2+
n ∆Eexp ∆EWS Ref(s).
9He −0.18+0.18−0.50 0 3.24+0.93−0.80 0.18+0.50−0.18 3.42± 0.78 −3.24+0.93−0.80 −3.20± 0.60 [15]
9Be 1.66 1.75+0.30−0.05 3.05 0.09
+0.30
−0.05 1.38 −1.29+0.30−0.05 −2.12± 0.60 [26, 27]
11Be 0.50 0 1.78 −0.50 1.28 −1.78 −1.73± 0.16 [28, 29]
13Be −0.50± 0.50 0 1.50± 0.50 0.50± 0.50 2.00 −1.50± 0.50 −1.68± 0.60 [30–32]
12B 3.37 2.03± 0.10 4.15± 0.20 −1.34± 0.10 0.78± 0.20 −2.12± 0.22 −1.37± 0.30 [33–35]
14B 0.97 0.50± 0.10 2.00± 0.40 −0.47± 0.10 1.03± 0.40 −1.50± 0.41 −1.30± 0.16 [16, 36]
13C 4.95 3.09 3.85 −1.86 −1.09 −0.77 −0.50± 0.11 [37]
14C 8.18 6.29 7.16 −1.88 −1.03 −0.85 −0.39± 0.14 [37, 38]
15C 1.22 0 0.74 −1.22 −0.48 −0.74 −0.50± 0.17 [37]
16C 4.25 3.49± 0.20 4.49± 0.20 −0.76± 0.20 0.24± 0.20 −1.00± 0.28 −0.73± 0.13 [17, 39, 40]
14N 10.55 7.23± 0.10 7.50± 0.10 −3.32± 0.10 −3.05± 0.10 −0.27± 0.14 0.24 [37]
15N 10.83 8.02± 0.20 7.99± 0.20 −2.81± 0.20 −2.84± 0.20 0.03± 0.28 0.31 [37, 41, 42]
16N 2.49 0.33 0.17 −2.16 −2.32 0.16 0.26 [39, 43, 44]
17O 4.14 0.87 0 −3.27 −4.14 0.87 0.87 [39, 45]
neutron energies are given by E = 1/2ET=0 + 1/2ET=1
but since the Coulomb force breaks the isospin symmetry
a correction needs to be applied for the s−d difference in
Coulomb energies for the component that involves pro-
tons. Since the relevant T = 1 states in 14N are not
well determined, we make use of the states in 14C. The
1/2+ energy centroid is the (2J + 1)C2S-weighted aver-
age (with C2S = 1 assumed in this case) of the T = 0,
0− and 1− states at 4.92 and 5.69 MeV, identified in
the 13C(3He,d)14N reaction [37] and the T = 1, 1− and
0− states at 8.06 and 8.78 MeV, identified as analogs to
the states populated in the 13C(d,p)14C reaction [37]. A
Coulomb-energy correction of 0.36 MeV has to be ap-
plied; this is half the difference between the 5/2+ ex-
citation energies in the 13C–13N mirror nuclei [37]. Be-
cause there is evidence for some fragmentation of transfer
strength a 100 keV uncertainty is assigned. The 5/2+ en-
ergy centroid is that of the T = 0, 2− and 3− states at
5.11 and 5.83 MeV, identified in the 13C(3He,d)14N reac-
tion, the T = 1, 3− and 2− states at 8.91 and 9.51 MeV,
identified as analogs to the states in 13C(d,p)14C with
all the data from [37]. A Coulomb energy correction of
0.15 MeV has to be applied; half the difference between
the 1/2+ excitation energies in the 13C–13N mirror nu-
clei. Because there is evidence for some fragmentation
of transfer strength a 100 keV uncertainty is assigned.
Since this involves two isospin states of the (p1/2)
2 con-
figuration the 1/2− energy centroid is the mean of the 1+
ground state and 0+ first excited state, with no weighting
by spin or isospin.
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